Abstract: An analysis was carried out to study the effect of thermal radiation on magnetohydrodynamic boundary layer flow and heat transfer characteristics of a non-Newtonian viscoelastic fluid near the stagnation point of a vertical stretching sheet in a porous medium with internal heat generation-absorption. The flow is generated because of linear stretching of the sheet and influenced by the uniform magnetic field that is applied horizontally in the flow region. Using a similarity variable, the governing nonlinear partial differential equations have been transformed into a set of coupled nonlinear ordinary differential equations, which are solved numerically using an accurate implicit finite difference scheme. A comparison of the obtained results with previously published numerical results is done and the results are found to be in good agreement. The effects of the viscoelastic fluid parameter, magnetic field parameter, nonuniform heat source-sink, and the thermal radiation parameter on the heat transfer characteristics are presented graphically and discussed. The values of the skin friction coefficient and the local Nusselt number are tabulated for both cases of assisting and opposing flows. 
Introduction
The study of heat transfer on a surface embedded in a saturated porous medium has attracted considerable attention in recent decades because of many engineering applications, such as in the design of pebble-bed nuclear reactors, ceramic processing, crude oil drilling, and compact heat exchangers. From a basic point of view, the state of the art has finely been reviewed in different comprehensive literature surveys and can be found in the recent books of Nield and Bejan [1] , Vafai [2] , Pop and Ingham [3] , and Ingham and Pop [4] . Also, the use of viscoelastic fluids has grown considerably because of many applications in chemical process industries, bio systems, food processing, and biomedical engineering. These include the rheology of liquid crystal precursors employed in the manufacture of carbon super-fibers, thermocapillary bubble dynamics in weakly elastic fluids, mayonnaise elastic-viscous flows, and polygalacturonase-based food stuffs. The Walters-B viscoelastic fluid model was developed by Walters [5] to simulate the viscous fluids possessing short memory elastic effects and can simulate accurately many complex polymeric, biotechnological and tribological fluids. In view of these applications, some researchers [6] [7] [8] [9] [10] have analyzed and reported the flow and heat transfer characteristics of Walters-B viscoelastic fluids. Lawrence and Rao [11] studied heat transfer of a viscoelastic fluid over a stretching sheet. A similarity solution for flow and heat transfer of a viscoelastic fluid over a stretching sheet was obtained by Cortell [12] . Abel and Veena [13] studied the viscoelasticity effect on the flow and heat transfer in a porous medium over a stretching sheet. Vajravelu and Roper [14] analyzed flow and heat transfer of a viscoelastic fluid over a stretching sheet with power-law surface temperature. Prasad et al. [15] presented an analysis to study momentum and heat transfer in a viscoelastic fluid flow in a porous medium over a non-isothermal stretching sheet. Sonth et al. [16] studied heat and mass transfer in a viscoelastic fluid flow over an accelerating surface. EL-Kabeir [17] studied the Hiemenz flow of a micropolar viscoelastic fluid in hydromagnetics. Khan and Sanjayanand [18] studied viscoelastic boundary layer flow and heat transfer over an exponential stretching sheet. Abel et al. [19] investigated the effects of viscous dissipation and nonuniform heat source on viscoelastic boundary layer flow over a linear stretching sheet. EL-Kabeir and Modather [20] discussed the Hiemenz flow of a micropolar viscoelastic fluid in a hydromagnetic saturated porous medium. Nandeppanavar et al. [21] studied the effects of elastic deformation and nonuniform heat source on viscoelastic boundary layer flow. Arnold et al. [22] reported on the viscoelastic fluid flow and heat transfer characteristics over a stretching sheet with internal heat generation or absorption.
On other hand, the study of electromagnetic viscoelastic fluid flows has become of increased importance in the last few decades. This is mainly due to their many applications in manufacturing of food, paper, and many other similar activities. The electrically conducting non-Newtonian fluids can be opted as cooling liquids as their flow can be regulated by an external magnetic field, which regulates the heat transfer to some extent. The interaction between the conducting fluid and the magnetic field radically modifies the flow, with attendant effects on such important flow properties as pressure drop and heat transfer; the detailed nature of which is strongly dependent on the orientation of the magnetic field. The use of a magnetic field that influences heat generationabsorption process in electrically conducting fluid flows has found many engineering applications in many metallurgical processes, such as drawing of continuous filaments through quiescent fluids, annealing, and tinning of copper wires. Andersson [23] examined the influence of uniform magnetic field on the motion of an electrically conducting fluid past a flat and impermeable elastic sheet and obtained closed-form solutions of the momentum boundary layer equation. Char [24] studied magnetohydrodynamic (MHD) flow of a viscoelastic fluid over a stretching sheet by considering thermal diffusion in the energy equation. Lawrence and Rao [25] discussed the nonuniqueness of the MHD flow of a viscoelastic fluid and analyzed some theoretical aspects of the solution of the momentum boundary-layer equation. Abel et al. [26] investigated heat transfer in a viscoelastic fluid MHD flow over a stretching surface. Khan et al. [27] studied heat and mass transfer characteristics in a visoelastic fluid flow over a porous sheet. Datti et al. [28] studied MHD viscoelastic fluid flow over a nonisothermal stretching sheet. Siddheshwar and Mahabaleswar [29] studied MHD flow and heat transfer in a viscoelastic liquid over a stretching sheet with viscous dissipation, internal heat generation-absorption, and radiation. Abel et al. [30] studied buoyancy force and thermal radiation effects on MHD boundary-layer viscoelastic fluid flow over a continuously moving and stretching surface. Hsiao [31] performed an analysis for heat and mass transfer of a steady laminar boundary-layer flow of an electrically conducting fluid of second grade subject to suction and to a transverse uniform magnetic and electric field past a semi-infinite stretching sheet. Mahantesh et al. [32] studied the flow and heat transfer characteristics for MHD viscoelastic boundary layer flow over an impermeable stretching sheet with space-and temperature-dependent internal heat generationabsorption (nonuniform heat source-sink), viscous dissipation, thermal radiation, and magnetic field due to frictional heating. Rajagopal et al. [33] presented a mathematical analysis of nonsimilar solutions for flow, heat, and mass transfer phenomena in an electrically conducting viscoelastic fluid (Walters' liquid B= model) over a stretching sheet in the presence of heat source-sink, viscous dissipation, and suction or blowing. Mastroberardino and Mahabaleswar [34] presented an analysis of mixed convection boundary layer flow of an incompressible and electrically conducting viscoelastic fluid over a linearly stretching surface embedded in a porous medium. Mustafa et al. [35] presented a theoretical analysis of the steady boundary layer flow and heat transfer induced by a linearly stretching surface in an anisotropic porous medium filled with a viscoelastic fluid. Hymavathi [36] studied the flow of an incompressible electrically conducting viscoelastic fluid referred to as Walters' liquid B over a nonisothermal stretching sheet with radiation using a quasi-linearization technique adopting a numerical approach. Abbas et al. [37] considered the mass transfer in the MHD flow for two viscoelastic fluids over a permeable shrinking sheet through a porous space in the presence of chemical reaction. Hayat et al. [38] reported the effects of radiation and magnetic field on the mixed convection stagnationpoint flow over a vertical stretching sheet in a porous medium. Singh [39] studied the heat source and radiation effects on magnetoconvection flow of a viscoelastic fluid past a stretching sheet. Abel and Mahesha [40] studied heat transfer in MHD viscoelastic fluid flow over a stretching sheet with variable thermal conductivity, nonuniform heat source and radiation.
In the present work, we study the effect of thermal radiation on MHD boundary-layer flow and heat transfer characteristics of a viscoelastic fluid near the stagnation point of a vertical stretching sheet embedded in a porous medium with internal heat generationabsorption and magnetic field due to frictional heating. The stretching velocity and the surface temperature are assumed to vary linearly with the distance from the stagnation point. A parametric study of the physical parameters is conducted and a representative set of numerical results for the velocity and temperature profiles as well as the skin friction coefficient and local Nusselt number is illustrated graphically to show interesting features of the solutions.
Problem formulation
Consider steady, laminar, MHD stagnation-point flow of an incompressible electrically conducting viscoelastic fluid towards a continuously stretching sheet in a porous medium (y > 0). Two equal and opposite forces are applied along the x-axis so that the surface (at y = 0) is stretched by keeping the origin fixed in an MHD viscous fluid of constant ambient temperature (see Fig. 1 ). A constant applied magnetic field B 0 is applied in the y-direction. For small magnetic Reynolds number, the induced magnetic field is neglected. Further, the velocity u w (x) and the temperature T w (x) of the stretching sheet are proportional to the distance x from the stagnation-point, where T w (x) > T ∞ . Here, T ∞ indicates the uniform temperature of the ambient fluid. In view of the aforementioned assumptions, the flow of an incompressible homogeneous fluid of a second-order viscoelastic fluid is governed by the following equations (see Rivlin and Ericksen [41] ):
where V is the velocity, is the fluid density, p is the hydrostatic pressure, S is the extra stress tensor, and R is the external force, which contains the Darcy resistance and the magnetic field for a second-order fluid in the present study. The constitutive equation for S in a second-order fluid is (see Coleman and Noll [42] )
where is the dynamic viscosity, and ␣ 1 and ␣ 2 are the first and second normal stress coefficients, A 1 and A 2 are the first two Rivlin-Ericksen tensors and they are defined as
where d/dt is the material time derivative and for two-dimensional flow, the velocity field is specified by the equation
Here, some assumptions concerning the sign of ␣ 1 in (2) will be necessary. For thermodynamic reasons (see Dunn and Rajagopal [43] ) the material parameter ␣ 1 must be positive. If the fluid of second order modelled by (2) is to be compatible with thermodynamics and is to satisfy the Clausius-Duhem inequality for all motions and the assumption that the specific Helmholtz free energy of the fluid is a minimum when it is locally at rest, then ≥ 0
Furthermore, Fosdick and Rajagopal [44] have also reported, by using the data reduction from experiments, that in the case of a second-order fluid the material moduli 2, ␣ 1 and ␣ 2 should satisfy the relation ≥ 0, ␣ 1 ≤ 0, and
Now, the constitutive equation given by (1) with ␣ 1 ≤ 0 is termed as a second-order fluid and with ␣ 1 ≥ 0 is termed as second-grade fluid (see Rajagopal et al. [45] ). In our analysis we assume that the fluid is thermodynamically compatible (␣ 1 ≤ 0).
On the other hand, the last term on the right-hand side of (2), R, is the external force containing the Darcy resistance and the magnetic field for a second-order fluid in the present study. For the porous medium with boundaries, Brinkman proposed an equation describing the locally averaged flow. Although the equation proposed by Brinkman holds only for steady viscous flows, there are several modified Darcy's laws available in the literature for viscous flows in a porous medium. Much attention has not been given to mathematical macroscopic filtration models concerning viscoelastic flows in a porous medium. On the basis of viscoelastic fluid constitutive equation, the following law for describing both relaxation and retardation phenomena in an unbounded porous medium has been suggested as
in which (0 < < 1) and K are the constant porosity and permeability of the porous medium, respectively; V is the Darcy velocity vector; is the dynamic viscosity of the fluid (Newtonian); and p is the fluid pressure. Moreover, in MHD flows, the size of electromagnetic parameters affects the quantitative interaction between the flow and field. The magnetic field vector B = (B x , B y ) is assumed to lie in the x-and y-plane. The electrical field E is assumed to be zero. Hughes and Young [46] have shown that the Lorentz force has two components
where u and v are the velocity components in x-and y-directions, respectively.
From an "order of magnitude" analysis, it can be assumed that B y = o(B x ). Invoking the boundary layer approximation u Ͼ Ͼ v, F x simplifies to
where the y-component of the magnetic field may be dependent on either x or y; however, for convenience, it is assumed that B y varies only with the span-wise coordinate y.
͒, for a two-dimensional magnetic field, the Maxwell equation becomes
It may be shown that the change in B y across the boundary layer will be of the order of ␦ and may be neglected, so that the MHD force body becomes
where B 0 = B y = constant, which represents the uniform magnetic field of strength B 0 , which is imposed along the y-axis. Hence, the steady two-dimensional boundary layer equations for the modified viscoelastic fluid take the form Ѩu Ѩx ϩ Ѩv
where u and v are the velocity components in the x-and y-directions, respectively; = / is the kinematic viscosity; ␤ = −␣ 1 / is the viscoelastic parameter respectively; is the fluid density; is the dynamic viscosity; g is the gravitational acceleration; ␤ T is the thermal expansion coefficient; k is thermal conductivity of fluid; T is the temperature; C p is the specific heat capacity at constant pressure of the fluid; B 0 is the applied magnetic field; q r is the radiative heat flux; q is the rate of internal heat generation- 
where a, b, and c are constants. In the free stream, (12) becomes
Eliminating Ѩp/Ѩx between (12) and (15), we obtain
In (13), the dimensionless form of q can be defined as
where A* and B* are parameters of space-and temperaturedependent internal heat generation-absorption. It is to be noted that A* > 0 and B* > 0 correspond to internal heat generation while A* < 0 and B* < 0 correspond to internal heat absorption, T w is the temperature of the sheet, and T ∞ is the constant temperature far away from the sheet. Also, the radiative heat flux in the x-direction is considered negligible as compared to that in the y-direction. Hence, by using the Rosseland approximation [47] the radiative heat flux can be written as
which is valid only for intensive absorption. Here, 0 and k 0 are the Stefan-Boltzmann constant and the mean absorption coefficient, respectively. Assuming that the differences within the flow are such that T 4 can be expressed as a linear function of temperature, expanding T 4 in a Taylor series about T ∞ as
and neglecting the higher-order terms in this equation beyond the first degree, we get
Using (18) and (20), (13) can be written as
By defining the stream function as
and introducing the similarity variables
Equations (16) and (21) reduce to the following similarity equations:
where the primes indicate differentiation with respect to , = Gr x /Re x 2 ( ≥ 0) is the buoyancy or mixed convection parameter, M 2 = B 0 2 /c, M is the Hartman number, 1 = /cK is the porosity parameter, Gr x = g␤ T (T w − T ∞ )x 3 / 2 is the local Grashof number, Re x = U w x/ is the local Reynold number, Pr = C p /k is Prandtl number, R = 4 0 T ∞ 3 /kk 0 is the radiation parameter, and ␤= = ␤c/ is dimensionless viscoelastic parameter.
The transformed boundary conditions become
where a/c is the free-stream-to-wall-velocity ratio. The expressions of the skin friction coefficient and the local Nusselt number are given by
where the wall shear stress w and the heat transfer from the plate q w are given by
The transformed form of the skin friction coefficient and the local Nusselt number become
Numerical method and validation
Equations (24) and (25) with boundary conditions (26) are solved numerically using an implicit finite-difference scheme. These ordinary differential equations are discretized by a fourth-order accurate central difference method, and a computer program has been developed to solve these equations in the MATLAB environment. In this study, the concept of a differentiation matrix [48, 49] was used in the program to compute the finite difference approximations of derivatives. The code employed central differences for the interior points and forward and backward differences for the boundary-layer inner edge = 0, and boundary-layer outer edge = ∞, respectively. To ensure convergence of the numerical solution to the exact solution, the step sizes ⌬ have been optimized and the results presented, which are independent of the step sizes at least up to the fourth decimal place. The convergence criteria were based on the relative difference between the current and previous iteration values of the velocity and temperature gradient at the wall. When the difference reaches less than 10 −6 for the flow fields, the solution was assumed to have converged and the iteration process was terminated. Comparisons with previously published work are performed to assess the accuracy of the employed numerical method. Tables 1 and 2 show comparisons between the numerically computed results of Re x 1/2 C f and Nu x Re x 1/2 in the absence of the buoyancy force term = 0 and other physical effects such that 1 = ␤* = M = A* = B* = 0 with those obtained by Hayat et al. [38] , Mahapatra and Gupta [50] , Nazar et al. [51] , Ishak et al. [52] , and it is evident from these tables that these results are in good agreement.
Results and discussion
To get clear insight into the problem, numerical computations are carried out for various parameters, namely, free stream-towall velocity ratio a/c, buoyancy parameter , porosity parameter 1 , viscoelastic fluid parameter ␤*, heat source (sink) parameters A*, B*, thermal radiation parameter R d and Hartman number M are displayed at Prandtl number Pr = 0.72. Figures 2 and 3 display the velocity and temperature profiles for various values of the free-stream-to-wall velocity ratio a/c for both assisting and opposing flow conditions, respectively. It can be seen that both the fluid velocity and temperature profiles increase as the free-stream-to-wall velocity ratio a/c increases for both assisting and opposing flow cases.
Figures 4-7 show velocity and temperature profiles for various values of the buoyancy parameter and the viscoelastic fluid parameter ␤* for both assisting and opposing flow cases, respectively. It is noticed that as the buoyancy and viscoelastic fluid parameters increase the velocity of the fluid increases while temperature profiles decrease for the assisting flow case. In contrast, the reverse behaviors happened with the opposing flow case. In addition, it is observed that for the assisting flow case, the velocity increases at the beginning until it achieves a certain value, then decreases until the value becomes constant at the free stream condition. The results of the velocity profile are noted to be more pronounced for large . This is because a large value of produces a large buoyancy force, which produces a large kinetic energy. Then, this energy is used to overcome the resistance against the flow. As a result, it decreases and becomes constant far away from the surface. These results agree with the results reported by Hayat et al. [38] . The results for the opposing flow case show the exact opposite behaviour. Figures 8-11 present the velocity and temperature profiles for various values of the porosity parameter 1 and the Hartman number M for both assisting and opposing flow cases, respectively. It can be seen that, for the assisting flow case, the velocity of the fluid increases as either of the porosity parameter or the Hartman number decreases whereas the fluid temperature increases as either the porosity parameter or the Hartman number increases. This is expected because both the presence of the porous medium and the magnetic Lorentz force represent resistance mechanisms to the flow. The exact opposite behaviors for the fluid velocity and temperature are predicted for the opposing flow case. Figures 12-15 show representative velocity and temperature profiles for different values of the radiation parameter R d and the heat source (sink) parameters A* and B* for both assisting and opposing flow cases, respectively. It is observed that the velocity of the fluid increases as either of the radiation or the heat source (sink) parameters increase. It is also clearly that the temperature across the boundary layer and the thermal boundary layers increase with increasing values of the radiation and the heat source (sink) parameters for both assisting and opposing flow conditions.
The effects of the heat source (sink) parameters A* and B*, thermal radiation parameter R d and viscoelastic fluid parameter ␤* on the local skin-friction coefficient and the local Nusselt number for both assisting and opposing flows are presented in Tables 3 and 4 . It is observed that for assisting flow the increase in the values of the heat source (sink) parameters leads to increase in values of the local skin-friction coefficient while the values of the local Nusselt number decrease. On the other hand, for opposing flow, as the heat source (sink) parameters increase, the values of both the local skin-friction coefficient and the local Nusselt number decrease. The results also indicate that for assisting flow, as either of the viscoelastic fluid parameter or the radiation parameter increases, both the local skin-friction coefficient and the local Nusselt number increase while for opposing flow, the skin-friction coefficient and the Nusselt number decrease as the viscoelastic fluid parameter increases. Furthermore, the local skin-friction coefficient decreases while the local Nusselt number increases as the radiation parameter increases.
The effects of the Hartman number M, porosity parameter 1 and the buoyancy parameter on the local skin-friction coefficient and the local Nusselt number for both assisting and opposing flows are shown in Tables 5 and 6 , which indicate that for assisting flow, as either the Hartman number or the porosity parameter increases, both the skin-friction coefficient and the Nusselt number decrease while for opposing flow, the local skinfriction coefficient and the local Nusselt number increase as either the Hartman number or the porosity parameter increases. On the other hand, as the buoyancy parameter increases, both the local skin-friction coefficient and the local Nusselt number increase for assisting flow whereas the opposite behavior is predicted for opposing flow. Finally, the effects of the free-stream-to-wall velocity ratio a/c on the local skin-friction coefficient and the local Nusselt number for both assisting and opposing flows are shown in Table 7 . It can be seen from this table that the free-stream-to-wall velocity ratio a/c increases, the local skin-friction coefficient and the local Nusselt number increases for both assisting and opposing flow conditions.
Conclusion
In the present work, the problem of MHD boundary layer flow and heat transfer of a non-Newtonian viscoelastic fluid near the stagnation point of a vertically stretching sheet embedded in a porous medium with nonuniform internal heat generationabsorption and thermal radiation was studied. The governing partial differential equations for the flow and heat transfer characteristics were transformed into ordinary differential equations by suitable similarity transformations. The resulting equations with the appropriate conditions were solved numerically using an implicit finite-difference scheme. The values of the local skinfriction coefficient and the local Nusselt number were produced and tabulated for various parametric conditions for both assisting and opposing flow conditions. It was observed, for assisting flow that increasing the values of the heat source (sink) parameters led to increases in the local skin-friction coefficient while the local Nusselt number decreased. On the other hand, for opposing flow, as the heat source (sink) parameters increased, both the local skin-friction coefficient and the local Nusselt number decreased. In addition, for assisting flow, as either of the viscoelastic fluid parameter or the thermal radiation parameter increased, both the local skin-friction coefficient and the local Nusselt number increased. Conversely, for opposing flow, the local Nusselt number and the local skin-friction coefficient decreased as the viscoelastic fluid parameter increased whereas the local skin-friction coefficient decreased and the local Nusselt number increased as the thermal radiation parameter increased. Furthermore, both the local skin-friction coefficient and the local Nusselt number decreased as either the Hartman number or the porosity parameter increased for assisting flow whereas the exact opposite behavior was predicted for opposing flow conditions. Moreover, as the free stream to wall velocity ratio increased, the local skin-friction coefficient and the local Nusselt number increased for both assisting and opposing flow cases.
